Abstract -Non-Abelian states are characterized by the existence of zero-mode Majorana fermions bound in the quantized vortices, which in the bulk is characterized by an odd Chern number. In this Letter, we find that in topological semimetals with a single two-band-touching node all the gapped pairing states are non-Abelian states, regardless of the pairing details. The property is further generalized to situations where such two-band-touching are gapped and/or deformed. The nonzero Berry phase on the Fermi surface plays an important role in the topological properties of the pairing states.
Introduction. -Since the discovery of the quantum Hall effects [1] , efforts devoted to understanding various topological states of matter and their phase transitions greatly enriched the basic concepts of condensed matter physics [2] [3] [4] . One of the significant aspect is that two topologically distinct states, which can not be adiabatically connected to each other, can have the same symmetry and hence breaks down the Landau-Ginzburg paradigm of phase transitions. Moreover, exotic excitations obeying non-Abelian statistics have been found in genuine and model condensed matter systems [5, 6] . In one known paradigm, the non-Abelian states are closely related to superconducting/superfluid pairing states with odd Chern number [7] , in which there is a topologically protected Majorana fermion in each quantized vortex. The braiding of Majorana fermions gives rise to the nonAbelian statistics [8] . The non-Abelian statistics is proposed to be exploited to realize the topological quantum computation [9] [10] [11] .
Besides the known non-Abelian states in fractional quantum Hall system [5] , spin liquids [6] , 3 He [12] and Sr 2 RuO 4 [13] , recently there are theoretical proposals of realizing non-Abelian states in spin-orbit coupled semiconductor heterostructures [15] [16] [17] [18] and in cold-atom systems [14] . Especially, the proposal of achieving non-Abelian states on the surface of topological insulators proximity to s-wave superconductors invoked a lot of studies [15] .
Semiconductor nanostructures with strong spin-orbit coupling proximity to superconductors are thought to be another good candidate to realize the long persued Majorana fermions and topological quantum computations [16, 18] . Inspired by those studies in this paper we search for nonAbelian states in topological semimetals and related systems due to superconducting proximity effect.
Topological semimetals are systems in which there are band-touching nodes with nonzero winding number. In particular, here we focus on the situation with single twoband-touching node. The winding number is related to the Berry phase enclosed by any paths enclosing the node,
where C is a contour enclosing the two-band touching point K in k-space and Ψ(k) is the wavefunction (single-valued and continuous function of k) in the band above (or below) the node. Such nodes can be viewed as k-space vortices [19] . Examples are Dirac cones and quadratic band touching [see Fig. 1 ], where the winding number is N w = ±1 and ±2 respectively. When the Fermi level is away from the twoband touching node, the Fermi surface encloses the node and gains a nonzero Berry phase. The Berry phase on the Fermi surface plays an essential role as it modifies the effective pairing between paired states and hence the topological property of the superconductor.
Remarkably, we find that, in topological semimetals with a single k-space vortex, all gapped pairing states are non-Abelian states, regardless of the specific details of pairing. We further generalize such property to situations where such two-band-touching are gapped and/or deformed. The paper is organized as follows: we first discuss topological semimetals with a k-space vortex carrying even winding number. We then study the situation when the winding number is odd, which can be thought as generalizations of single Dirac cone systems. As we aim at very general properties of the system, in all the studies, we consider a general form of pairing, i.e., we assume all the s, p, d ... -wave pairing interaction coexist, in contrast that in the literature mainly s-wave pairing interaction is considered. We then discuss the situations when i) the k-space vortex is gapped and ii) both gapped and deformed so that the two bands go in the same direction. The situation ii) for systems with odd winding number can be viewed as generalizations of spin-orbit coupled two-dimensional systems [16] .
Topological semimetals with a single k-space vortex carrying even winding number. -In spinless (or spin-polarized) many-fermion systems in 2D lattices with multiple orbits in each unit cell, there may exist twoband-touching nodes (k-space vortices) in the spectrum. In systems with a single k-space vortex as well as timereversal and space inversion symmetry, the general form of the Hamiltonian is
Here the Pauli matrices act on the Wannier orbits (pseudospins), σ 0 is the 2 × 2 identity matrix. Due to timereversal symmetry, the two-band touching node can only be at a time-reversal invariant momentum K with −K = K as there is only a single node. In the above equation, k is measured from K. h ν (−k) = h ν (k) for ν = 0, x, z and h y (k) = 0 due to the time-reversal and space inversion symmetry. The spectrum is
being the direction of the pseudo-spin polarization in z-x plane. The winding number of the k-space vortex can also be written as
which is physically transparent: N w is the winding of the direction of the pseudo-spin polarization (or the direction of the field h) on the contour C. As h ν (−k) = h ν (k), the winding number can only be an even integer. One example of such two-band touching is the quadratic band touching in the checkerboard lattice systems [20, 21] . It is shown [21, 22] that in such systems in the vicinity of
, and h y (k) = 0 with t 0 , t x , and t z (|t 0 | < |t x |, |t z |) being the band parameters. When the Fermi level is away from the band-touching point K, there is only one band crosses the Fermi level. In this situation, the wavefunction (or the pseudo-spin polarization) on the Fermi surface winds N w times, as which encloses the bandtouching node K.
The general form of the Bogoliubov-de Gennes (BdG) In the weak pairing regime where |∆ ν | ≪ |µ|, one can ignore pairing between states separated ≥ |µ|. As there is only one band crosses the Fermi level and another is well below, one can project into the subspace with only the band crossing the Fermi level. To the leading order, the projected BdG Hamiltonian is
T and
Here the + and − indices are applied to the µ > 0 and p-2 < 0 cases respectively. The effective pairing is
(6) The eigenstates can be obtained by directly diagonalizing the above Hamiltonian. The Chern number is given by [23] 
where Ψ n are the wavefunctions of the occupied bands. Direct calculation yields [for details, see Appendix]
where
. The Chern number is nothing but the winding number of e −iφ k ∆ eff (k) at the Fermi surface (denoted as 'FS' above). The Chern number is thus fully determined by the effective pairing at Fermi surface, which is due to the fact that the superconducting gap is opened at the Fermi surface [24] . From Eqs. (6) and (8), the Berry phase contribution to the Chern number, through e ±iφ k , is clearly seen. The error of the eigenstates obtained from the projected Hamiltonian is on the order of O(|D|/|µ|). However, this induces no error in the calculated Chern number of the superconductor. This is because one can adiabatically tune all the pairing ∆ ν (ν = 0, x, y, z) to infinitesimally small by a universal scaling, which does not close the gap and hence keeps the Chern number unchanged. In such a way the error can be tuned to infinitesimally small. Therefore the above approach faithfully deduces the Chern number in the weak pairing regime.
A crucial observation is that e −iφ k ∆ eff (k) is always an odd function of k as ∆ ν (ν = x, y, z) are odd functions and e ±iφ k are even functions of k. Hence the Chern number N C is odd for all the gapped pairing states (for nodal states the Chern number is ill-defined). Therefore all the gapped pairing states are non-Abelian states, regardless of the specific pairing interactions.
Topological semimetals with a single k-space vortex carrying odd winding number. -In spinful 2D many-fermion systems there may exist two-band touching points in the spectrum as k-space vortex. The fermion doubling theorem states that in 2D lattice systems there can only be even number of such vortices [25] . However, in the boundaries of two three-dimensional systems with different Z 2 topology, there can be odd number of such k-space vortices. Such as a single Dirac cone on the surface of strong topological insulator. The systems concerned here have a single such k-space vortex at K (with −K = K) and time-reversal symmetry. Rather than N w = ±1, here we assume the winding number can be any odd integer. This is reasonable as the Z 2 topology guarantees odd number of Dirac cones on the surface [4] , which if merged by adiabatic tuning of the Hamiltonian can form a single k-space vortex carrying any odd integer winding number. The general Hamiltonian of such k-space vortex is
where the Pauli matrices now denote true-spin and k measured from K. It is required that |h 0 | < |h| so that the k-space vortex is well-defined. Without changing the winding property of the Dirac cone, one can set h z (k) = 0 (This can also be achieved by adiabatic tuning of the Hamiltonian of the system.). The spectrum is
The winding number of such k-space vortex can also be written as
Again it is transparent that N w is the winding number of the direction of the spin polarization (or the direction of the spin-orbit field). The winding number can only be an odd integer as h(−k) = −h(k) due to time-reversal symmetry in spinful system. In particular, N w = ±1 for Dirac cone. Following the argument in previous section, in the weak pairing regime one can study the topological property of the system with the projected BdG Hamiltonian [Eq. (5)]. But here
The Chern number N C is the winding number of e −iψ k ∆ eff (k) at the Fermi surface as in Eq. (8) . It is noted that e −iψ k ∆ eff (k) is always an even function of k. Therefore the Chern number of each gapped pairing state is even.
As the concerned system is on the boundary of two topologically distinct three-dimensional systems, it does not have well defined edges [4] . One way to circumvent this problem is to circulate the superconducting state with a ferromagnetic insulating state with the same H 0 (k) as well as a magnetization along z-direction M σ z [15] . When |M | > |µ| [26], the quasi-particles can not propagate into the ferromagnetic region. On the boundary between the superconducting region and the ferromagnetic one, there are gapless Majorana edge states. The ferromagnetic insulating state is topologically equivalent to a superconducting massive Dirac fermion system with |M | > |µ|. It has a Chern number of sgn(M )N w . For instance, there may be n c clockwise moving edge states and n a anti-clockwise moving edge states. According to bulk-edge correspondence, n c − n a = N C − sgn(M )N w . The difference n c − n a is fixed by topology and is always odd as N C is even and N w is odd. Therefore the total number of edge states N edge = n c + n a is definitely odd.
The above analysis can also be applied to the Majorana bound states in the core of a quantized vortex, which can be viewed as edge states live in the small circular edge of the vortex with vacuum at the center [7] . As the boundary condition at the center does not affect the existence of the zero-energy Majorana bound state, it can be tuned that the vacuum at the center is a superconducting massive Dirac fermion with |M | > |µ|. Therefore there are N edge number of Majorana states in core of a quantized vortex. In reality, there are inevitable mixing between those states (due to, e.g., disorder) or interaction between them, which lift the degeneracy. However, the particle-hole symmetry guarantees the existence of one zero-energy Majorana bound state if N edge is odd. Accordingly, all the gapped pairing states are non-Abelian states as N edge is definitely odd. This argument (essentially the same as that in Ref. [7] ), verifies the existence of the Majorana zero modes in the vortex without explicitly solving the Schrödinger equations as such property is dictated by the bulk topology [7] . Recent theories also present different proofs of the relation of the number of Majorana zero modes to the Chern number (difference) [27] which is consistent with the discussion here. Systems with a single gapped/deformed k-space vortex. -The general Hamiltonian is
The spectrum is ε k± = h 0 (k) ± h 2 x (k) + h 2 y (k) + h 2 z (k). When k-space vortex carrying even winding number, the eigenstates are
We restrict the discussion to the situations where h y (−k) = h y (k). For the k-space vortex carrying odd winding number, the eigenstates are
Here at k = 0, h x = h y = 0 and h z = 0, whereas at large k, |h z | ≪ h 2 x + h 2 y and ζ k → π/2. We also assume
Let's first consider the case where the single k-space vortex carrying even winding number is gapped. When |h y (0)| < |µ| and |h 0 | < h 2 x + h 2 y + h 2 z [see Fig. 2a ] one can similarly reduce the problem to that described by the projected BdG Hamiltonian in Eq. (5) for each band in the weak pairing regime. The effective pairings are
where + and − are for the higher and lower bands respectively. Direct calculation yields that the Chern number is still given by Eq. (8), which is because a gap opened below or above the Fermi level can be closed by adiabatic tuning. A nontrivial situation is when the k-space vortex is both gapped and deformed so that h 0 > h 2 x + h 2 y + h 2 z . In this situation the two bands go in the same direction at large k [see Fig. 2b ]. In this case, when |µ| < |h y (0)|, following the derivation in Appendix, one can show that the Chern number is
. It is seen that as N w is even, the Chern number is again odd for all the gapped states. Therefore in this situation all the gapped pairing states are non-Abelian states regardless of the specific pairing details. When the Fermi level is so high such that both bands cross it, the total Chern number consists of the contributions from each band, which is
Hence the total Chern number becomes even (Abelian topological superconductor), when the Fermi level crosses two bands. Now we turn to the situation where the single k-space vortex carrying odd winding number is gapped. The effective pairing in the two bands are
Again the Chern number is the same as that at h z = 0 when |µ| > |h z (0)| and |h 0 (k)| < h 2 x + h 2 y + h 2 z [see Fig. 2c ] as the gap is opened below or above the Fermi level. When the k-space vortex is gapped and deformed, so that h 0 (k) > h 2 x + h 2 y + h 2 z where the two bands go in the same direction at large k [see Fig. 2d ], at |µ| < |h z (0)|, one can show that
with θ
. It is seen that e −iψ k ∆ eff (k) is always an even function of k as e ±iψ k , ∆ x and ∆ y are odd functions while ζ k and ∆ 0 are even functions of k. Thus the Chern number is odd for all the gapped pairing states. When the Fermi level is higher so that both bands cross it, the total Chern number is given by Eq. (17), which is always even.
Relevant physical systems. -Besides the systems already discussed in the literature, such as systems with single Dirac cone and semiconductor quantum wells with Rashba spin-orbit coupling, there are many unexplored candidate systems which fit into the above discussions. Below we list some examples of physical systems that realize the models discussed above:
• Semiconductor nanostructures with Zeeman (exchange) splitting and arbitrary spin-orbit coupling.
Given that the winding number at Fermi surface is nonzero, two-dimensional systems arbitrary spinorbit coupling and Zeeman splitting can achieve nonAbelian states when there is only one band crossing the Fermi level. This is a direct generalization of the studies in the literature.
• Thin films of topological Weyl semimetals. In Ref. [28] , it is found that in the thin film of topological Weyl semimetal HgCr 2 Se 4 the Chern number depends on the thickness of the film. At the critical thickness, there will be a single two-band touching with even winding number N w = ±2. Around the critical thickness, there are gapped quadratic band touching which can also give rise to triplet pairing and non-Abelian states.
• Optical lattices with a single quadratic band touching. Such as, checkerboard lattices and kagome lattices [20, 22] .
Conclusion and discussions. -In this paper we discussed the topological properties of two classes of semimetal systems under superconducting proximity effect in general situations. Those two classes are semimetals with a single two-band-touching node which carries i) even ii) odd winding numbers respectively. Remarkably, we found that in those systems all the gapped pairing states are non-Abelian states regardless of the pairing details. This property is further generalized to systems when such two-band touching is gapped and/or deformed. Those findings supply useful information and a route for the search for non-Abelian states.
Although some of special systems, such as single Dirac cone system [15] and two-dimensional electron system with Rashba spin-orbit coupling [16] , have been discussed in the literature (results here are consistent with those), the results obtained in this paper reveals a more general picture of the topological property in a general topological semimetals and related systems with general pairing interactions. The theory presented above can be directly generalized to systems with multiple two-band touching nodes when the pairing between different nodes can be neglected. It is noted from Eq. (8) that the Chern number changes sign when the chemical potential goes through the bandtouching node, which indicates that there is a topological phase transition in the strong pairing regime. From spontaneous symmetry breaking under attractive interaction, the gapped pairing states usually gain more condensation energy compared to the nodal ones and thus become energetically favored [29] . Hence the above special property also implies that the non-Abelian states may be energetically favored to be the ground states in the superconducting/superfluid phase [22] . * * * Work at the Weizmann Institute was supported by the German Federal Ministry of Education and Research (BMBF) within the framework of the German-Israeli project cooperation (DIP) and by the Israel Science Foundation (ISF). JHJ thank Zohar Ringel for illuminating discussions and comments.
Appendix: Details of the derivation of the Chern number. -Consider, e.g., systems with a single kspace vortex carrying even winding number with µ > 0. There are two occupied bands after diagonalizing the BdG Hamiltonian: one comes from the band crossing the Fermi level, the other from the band below the chemical potential. In the weak pairing regime where |∆ ν | ≪ |µ|, one can ignore pairing between states separated ≥ |µ|. By doing so, one can obtain the approximate wavefunctions of the former and latter occupied bands, which are: ]. An important property is that the Chern number N C does not change without closing the gap. One can then simplify the calculation of N C by adiabatically tuning the system. It is noted that the gap is determined by |∆ eff (k)| at the Fermi surface. One can then adiabatically tune the system so that |∆ eff (k)| is nonzero only in the vicinity of the Fermi surface [24] . The angular dependence |∆ eff (k, θ k )| (here k x = k cos θ k and k y = k sin θ k ) at each energy contour can also be adiabatically tuned to be identical to that on the Fermi surface. The Chern number is the integration of the Berrycurvature over the first Brillouin zone,
. (21) One can divide the contribution of the integration into two parts: one from integration over small k (with a cut-off Λ), another from integration over large k region. Since there is no band-gap closing in the large k region, the Chern number is determined in the small k region, especially, in the vicinity of the Fermi surface where the pairing gap evolves, as shown in Ref. [24] . Inserting Eq. (20), one can show that the Chern number due to the v band is zero. N C is then solely determined by the o band. Direct calculation yields
which results in Eq. (8) . Other equations for the Chern number in the main texts can be derived similarly.
